FOURIER SERIES

Continuous-Time Signal Analysis

The Fourier seriesisamethod of expressing
most periodic, time-domain functionsin the
frequency domain. The frequency domain
representation appears graphically as a series of

function) and its harmonics. The magnitudes of
these spikes are the Fourier coefficients. This
series of components are called the wave
spectrum.
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THE EXPONENTIAL FOURIER SERIES

where:

D isthe amplitude or coefficient
n isthe harmonic

W IS the radian frequency [rad/s]
Wo/2p is the frequency [hertz]

To = 2p/w, is the period [sec.]
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The exponential form carries no more and no less information than the other forms but is preferred
because it requires less calculation to determine and also involves smpler calculationsin its use.
One drawback is that the exponentia form is not as easy to visualize as trigonometric forms.
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THE TRIGONOMETRIC FOURIER SERIES f(t)=a, + g a, cosnw,t + b sinnw,t
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where:
a isthe amplitude or coefficient 1. _2p
n is the harmonic %% =70 f(t)dt Wo ==~
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W IS the radian frequency [rad/s]
Wo/2p is the frequency [hertz]
To = 2p/wg is the period [sec.]
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The Fourier series of an even periodic function will consist of cosine terms only and an odd
periodic function will consist of sine terms only.
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THE COMPACT TRIGONOMETRIC FOURIER SERIES |[f(t)=C, + é C, cos(nw,t +q,)
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where:
C isthe amplitude or coefficient _ [, 2 _
n isthe harmonic C,=va," +h, Co =2
q isthe phase a,b: seeabove
W iS the radian frequency [rad/s]
Wo/2p is the frequency [hertz] _.a2@Db 0 _2p
To = 2p/Wp is the period [sec)] g, =tan e Wo ==~
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THE DIRICHLET CONDITIONS

WEAK DIRICHLET CONDITION - For the Fourier seriesto exist, the function f(t) must be
absolutely integrable over one period so that coefficients ay, a,, and b, are finite. This guarantees
the existence of a Fourier series but the series may not converge at every point.

STRONG DIRICHLET CONDITIONS - For a convergent Fourier series, we must meet the weak
Dirichlet condition and f(t) must have only afinite number of maximaand minimain one period. It
is permissible to have a finite number of finite discontinuities in one period.

FREQUENCY SPECTRA
AMPLITUDE SPECTRUM - The plot of amplitude C,, versus the (radian) frequency w (use the
function ¢ = ‘/anZ +p 2. A pointisplotted for each harmonic (N =10, 1,2, 3, - - - ) soyou need to

know the relationship between n and w. Although the formulafor C,, suggests that the value is
always poditive, it is sometimes convenient to let the values go negative to make the graph smooth.

PHASE SPECTRUM - The plot of the phase g, versus the (radian) frequency w.

These two plots convey all of the information that the plot of f(t) as afunction of t does. The

frequency spectraof asigna congtitute the frequency-domain description of f(t) whereasf(t) asa
function of t isthe time-domain description.

PERIODIC FUNCTIONS

For afunction to be periodic, all frequencies in its spectrum must be harmonically related. This
means that the ratio of any two frequencies must be arational number. For examplein the
function:

f(t) =5cos(2t +q) +9n3t +4sn(pt +f)

we have three frequencies. Theratio of the first to the second is 2/3 so that they are harmonically
related. The ratio of the first to the third is 2/p so they are not harmonically related and the
function is therefore not periodic.

BANDWIDTH

The difference (in radians) of the highest and lowest frequencies in the phase spectrum isthe
bandwidth.
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